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ABSTRACT

We compare and combine likelihood functions of the cosmological param®@fgrs and
og, from peculiar velocities, CMB and type la supernovae. These three data sets directly
probe the mass in the Universe, without the need to relate the galaxy distribution to the
underlying mass via a “biasing” relation. We include the recent results from the CMB_ex-
periments BOOMERANG and MAXIMA-1. Our analysis assumes a A@DM cosmol- [T
ogy with a scale-invariant adiabatic initial power spectrum and baryonic fraction as infa@gred
from big-bang nucleosynthesis. We find that all three data sets agree well, overlapping sig-
nificantly at the & level. This therefore justifies a joint analysis, in which we find a jgit
best fit point and 95% confidence limits @f, = 0.28(0.17,0.39), h = 0.74(0.64,0.86), and 3>

og = 1.17(0.98,1.37). In terms of the natural parameter combinations for theseay0&° = T
0.54(0.40,0.73), Qmh = 0.21(0.16,0.27). Also for the best fit pointQms—ps = 19.7uK and 'g

the age of the universe is 23Gyr.
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1 INTRODUCTION on the state of the universe at the epoch of recombination, ortthe
global geometry of space-time and on any re-ionization. Thus %ey
A simultaneous analysis of the constraints placed on the cosmo-provide a powerful and potentially accurate probe of the cosfo-
logical parameters by various different kinds of data is essential |ogical parameters (see Hu, Sugiyama and Silk 1997 for a re\‘g@_
because each different probe typically constrains a different combi- With the recent release of results from a new generation of
nation of the parameters. By considering these constraints togetherexperiments BOOMERANG and MAXIMA-1 have come a nurh=
one can overcome any intrinsic degeneracies to estimate each funper of parameter estimation analyses, including those by Lange et
damental parameter and its corresponding random uncertainty. Theal. (2000), Balbi et al. (2000) and Tegmark & Zaldarriaga (2000).
comparison of constraints can also provide a test for the validity of The distances of type la supernovae (SN) can be measured at large
the assumed cosmological model or, alternatively, a revised evalu-redshift with unprecedented efficiency and accuracy. Thus they
ation of the systematic errors in one or all of the data sets. Recentcan provide constraints on the acceleration of the universal expan-
papers that combine information from several data sets simultane-sion, and the corresponding parame@fsandQp, via a classical
ously include Gawiser & Silk (1998), Bridle et al. (1999), Bahcall cosmological test based on the luminosity-redshift relation. These
et al. (1999), Bond & Jaffe (1999), Lineweaver (1998) and Lange three cosmic probes allow direct dynamical constraints free of as-
et al. (2000). sumptions regarding the “biasing” relation between the distribution

Galaxy motions relative to the Hubble flow arise from the ©f galaxies and the underlying matter density, which are unavoid-
gravitational forces due to mass-density fluctuations; they there- able when interpreting galaxy redshift surveys.
fore reflect the underlying distribution of matter (both dark and Various analyses have been performed in which pairs of these
luminous), and can thus provide constraints on the cosmological data sets are used to place constraints inQke Qa plane: Ef-
density paramete®, and the fluctuation amplitude parametgy stathiou et al. (1999) investigate CMB and SN; Zehavi & Dekel
For example, constraints on the cosmological parameters were ob-(1999) explore peculiar velocities with SN. In this work, we per-
tained by Zaroubi et al. (1997) and Freudling et al. (1999) from form a joint analysis of all three data sets. We restrict the analy-
a likelihood analysis of the Mark Il and SFI catalogues of pecu- sis to the scale-invariant fl&tCDM model, which is motivated by
liar velocities, in the framework of COBE-normalised cold dark theoretical arguments based on the inflation scenario, and is con-
matter (CDM) models and Gaussian fluctuations and errors. The sistent with CMB observations (e.g. Bond & Jaffe 1998 find 1
anisotropies in the cosmic microwave background (CMB) depend from the COBE data; recent analyses of the BOOMERANG and
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MAXIMA-1 data find Qm + Qa ~ 1). In addition we use the nucle-  are therefore the natural parameters for the velocity analysis. The
osynthesis constraint 6iph? ~ 0.019 (Tytler et al. 2000), although ~ wavenumber range covered is roughlp®< k (hMpc™1) < 0.2.

we discuss the validity of this assumption in the light of the recent In order to account for nonlinear effects acting on small scales,
measurements of the CMB second peak height. we add to the linear velocity correlation model an additional free

An earlier paper (Bridle et al. 1999) investigated the combi- parametergy, representing an uncorrelated velocity dispersion at
nation of constraints from CMB data, the abundance of clusters zero lag. This is a simple way to model small-scale random virial
of galaxies (Eke et al. 1998) and the IRAS 1.2 Jy redshift survey motions, but it can also be interpreted as an addition to the errors
(Fisher, Scharf & Lahav 1994). These data sets were found to bethat enter the likelihood analysis. The parametgiis allowed to
in good agreement, once the densities of galaxies and mass are asrary together with the other model parameters. By this procedure,
sumed to be related via a linear biasing parameter. In this paperthe cosmological parameters of interest are properly determined by
we focus on the implications of combining three dynamical data the linear part of the fluctuations on large scales, while the unde-
sets that are free of galaxy-biasing uncertainties§ thwe intro- sired nonlinear effects are detached and “absorbed” by the addi-
duce each of the data sets and outline the theory used to link thetional free parameter. This procedure has been explored already in
constraints from each and §8 we compare and combine the con-  Freudling et al. (199%6.3.2), who obtained for the SFI catalogue
straints from the different data. a best-fit value oby, = 200kms 1, resulting in values 0&gQ%°

lower by 10— 20% than the values obtained without this additional

term. This and other ways of correcting for nonlinear effects have

been recently found to provide consistent and more reliable results,
2 THE THREE PROBES OF MASS based on improved mock catalogues drawn from high-resolution
simulations and a Principal Component analysis (Silberman et al.,
in preparation). The results obtained using this nonlinear correction
We consider two catalogues of galaxy peculiar velocities (PV). serve as the back-bone for the joint analysis and the figures of the
One, Mark Il (Willick et al. 1997), contains- 3000 galaxies  current paper, where we marginalise oggr By marginalisation
within ~70h~! Mpc (h= Ho/(100 kms *Mpc—1)). The other, SFI we mean integrating likelihoods over a fixed range with a uniform
(Haynes et al. 1999a,b), consists-01300 spiral galaxies butwith  Prior. In this case the range is 0 km's< gy < 400 km s™%, which
a more uniform spatial coverage in a similar volume. The error per We have chosen to be large enough so that our results are not af-
galaxy is 15- 21% of its distance. The constraints obtained from fected by the exact values of these limits. The results when we set
the two data sets were found to be very similar (e.g Zehavi & Dekel Ov 10 its (PV) best-fit value of 200 km4 are quite similar. For
2000). We therefore choose to perform our analysis here on the SFIcomparison we also refer to the results obtained without the non-
catalogue. linear correction.

The analysis follows in general the maximum-likelihood Fig. 1 (a) shows the two-dimensional probability distribution
method of Zaroubi et al. (1997) and Freudling et al. (1999). The for the PV data alone in the parameter spazgQ®:®, Qmh) (the
density and velocity fluctuations are assumed to be a random re-constraints in thegQ%®, Omh plane are virtually insensitive to the
alization of a Gaussian field and to obey the linear approximation value ofQm, but for definiteness we have marginalised ofey).
to gravitational instability (with one caveat discussed below). The The velocity data constraints at the 95% confidence level. 480
likelihood of a given set of values for the cosmological parameters 08Q0 < 0.86 and 016 < Qmh < 0.58, with roughly uncorrelated
of interest s calculated by comparing the observed velocity correla- errors. For comparison, without thi term the results are.65 <
tions with those predicted by theory based on this set of parameters GsQ%° < 0.89 and 025 < Qmh < 0.66.
under the assumption that the errors in the observed velocities are
Gaussian.

The CDM power spectrum form used in the likelihood analy-
sis has a shape parameleras provided by Sugiyama (1995, Eq. We use the same compilation of CMB anisotropy measurements
[3.9]), which determines the wavenumber at the peak of the power as in Bridle et al. (1999), supplemented by the new TOCO points
spectrumP(Kk) in terms ofh, Qn and the baryonic content of the  (Miller et al. 1999), the BOOMERANG North American test flight
universeQy. This is independent d25, and we assume that the  results (Mauskopf et al. 1999), the BOOMERANG 10 day Antarc-
power spectrum is initially scale-invariant £ 1). For the bary- tica flight (de Bernardis et al. 2000) and the MAXIMA-1 results
onic content we adopt the value favored by Deuterium abundance (Hanany et al. 2000). Since window functions are not yet available
in the context of Big-Bang nucleosynthesis (Tytler et al. 2000) for these last three experiments we assume, for each band power es-
Qph? = 0.019. Note that while Freudling et al. (1999) used COBE- timate, Gaussian window functions which fall by a factor ¢ at
normalised models, we perform our current analysis of peculiar ve- /nin and/max as specified in de Bernardis et al. (2000) and Hanany
locities with the amplitude of fluctuations as a free parameter. The et al. (2000). We also marginalise over the 10 and 4 per cent cal-
COBE constraint enters the joint analysis later as part of the inde- ibration uncertainties quoted, respectively, for the BOOMERANG
pendent CMB data set. In this paper we thus choose as our freeAntarctica and MAXIMA-1 results, fully taking into account the

2.1 Peculiar Velocities

2.2 The Cosmic Microwave Background

fundamental parameters the dimensionless Hubble corstame correlated nature of the calibration errors using a method that will
total matter densityQm (= 1 — Qa here), and the normalisation  be described elsewhere.The full compilation is plotted in Fig. 2.
mass-density parametes. We compute the likelihood of the angular power spectra using the
Note that the linear analysis of the velocity data addresses flat-band power method (e.g. Hancock et al. 1998). In addition to
the scaled power spectruf{k)Qk? rather tharP(k) itself, and it the assumptions already listed in the previous section, we assume
therefore constrains the combination of paramet%®, which there is negligible re-ionization and that there are negligible tensor

serves as a measure of the power-spectrum amplitude. This re-contributions, as predicted by most inflation models. We obtain the-
sult is almost independent 6I5 (Lahav et al. 1991). Its shape is  oretical CMB power spectra as a function of the cosmological pa-
controlled by another combinatidh~ Qnh. These combinations  rameters using the CMBFAST code (Seljak & Zaldarriaga, 1996).
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Figure 1. (a) The constraints from the peculiar velocity data plotted irQhd, 0gQ%E plane (marginalised oveé®y,). The solid lines show 68 and 95 per cent
confidence limits after marginalisation ow@y, which is used for the main part of the analysis. The dotted line shows the 95 per cent constraint if the parameter
oy is not used (or equivalentlyy, = 0) the effect of which on the results of the joint analysis is discussed in section 3. The result ofsgtiR)0 km s1,

the best fit value to PV, is also shown (dashed line is the 95 per cent contour). (b) The constrainfpin lth#ane from the CMB data (marginalised over

ag). The solid lines show the 68 and 95 per cent limits using the whole CMB data compilation, which is used for that main results of this paper. The 95 per cent

contours from the pre-BOOMERANG (Antarctica flight)/ MAXIMA-1 data (p

re-BM) and from just CQIBEOOMERANG (Antarctica flighty MAXIMA-1

data are shown by the dotted and dashed lines respectively. (c) The supernova cons@ajntnendotted line shows the 95 per cent confidence limits.
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Figure 2. The CMB data used. The solid line is the theoretical power spec-
trum for the best fit point to the PV, SN and CMB when the whole CMB
data compilation is usedh& 0.74,Q,, = 0.28,0g = 1.16). The dotted line

is the best fit to PV-CMB+SN when just the pre-BOOMERANG (Antarc-
tica flight)/MAXIMA-1 CMB data (pre-BM) is usedi{= 0.65,Qmn = 0.34,

og = 1.09). The dashed line is from when just COBE, BOOMERANG
(Antarctica flight) and MAXIMA-1 are used in the CMB compilation
(h=0.75,Qm = 0.29,0g = 1.09).

In order to relateog to the CMB power spectrum normalisation,
we first relateog to the primordial matter power spectrum ampli-

k~ 0.03h Mpc‘l. This constrains the combinati@yy, + Qx to be
roughly around unity (e.g. Efstathiou et al. 1999, Dodelson & Knox
2000, Lange et al. 2000, Balbi et al. 2000, Tegmark and Zaldar-
riaga 2000), consistent with the flat universe assumed in our current
analysis. In fact using just BOOMERANG and COBE, Lange et al.
(2000) findQm + Qp ~ 1.1 (Fig. 2), whereas using just MAXIMA-

1 and COBE, Balbi et al. (2000) firfdm + Qa ~ 0.9. At~ 1° angu-

lar scales the height of the first acoustic peak constrains the matter-
radiation ratio at last scattering, which is proportionaftgh?. In
addition, given our assumption of a flat univer§k, andh also
significantly affect the position of the first acoustic peak (see Fig 2.
of White, Scott and Pierpaoli (2000) for an illustration). Increasing
Qmn moves the peak to lower as does increasirty These two ef-
fects combine to give the likelihood distribution in ti,-h plane
shown in Fig. 1 (b). The slightly lower first peak height indicated by
the BOOMERANG and MAXIMA-1 data and the lowémposition

of the first peak from the BOOMERANG data produce a constraint
at higherQn, andh than does the pre-BOOMERANG/MAXIMA-1
compilation (hereafter pre-BM). Using the whole compilation to-
gether defines a region if2m,h) space at the intersection of the
BOOMERANG+MAXIMA-1 and the pre-BM contours. This oc-
curs at highh and lowQpy.

2.3 Type la Supernovae

We use the constraints obtained by Perlmutter et al. (1999), which
are fully consistent with those of Riess et al. (1998), based on ap-
plying the classical luminosity-redshift test to distant type la su-
pernovae. The sample consists of 42 high-redshift SN3& z <

tude and then use the analytic expression from Efstathiou, Bond 0.83), supplemented by 18 low-redshift SNe<{ 0.1). This anal-

& White (1992) to relate this to thé= 2 amplitude of the CMB
power spectrum.

ysis determines a combination &, and Q. Note that, unlike
PV and CMB, SN are insensitive to the form of the matter power

The COBE data constrain the large scale temperature fluctu- spectrum and depend only on the overall geometry of the universe.

ations well, which converts to a strong constraintafor given
values oth andQ,. The CMB data indicate the position of the first
acoustic peak, nedr~ 200 which corresponds to a wavenumber of
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Since we limit ourselves in this paper to a flat universe, the SN
constraint is translated to a likelihood function @f,, shown in
Fig. 1 (c).
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Figure 3. Top left: PV, CMB (whole compilation) and SNo4so-probability surfaces. For PV and CMB the surfaces afdagj(Likelihood)=4.01, and for the
SN the surfaces are Atog(Likelihood)=2.00, corresponding to the 95 per cent limits for 3 and 1 dimensional Gaussian distributions respectively. (Integration
under the likelihood surfaces can also be used instead of the likelihood itself in order to define 95 per cent limits, but this causes little differexticsved

regions, in the cases shown here.) The SN surfaces are two horizontal planes. Top right: the same, but this time the data used for the CMB surface is just

COBE, BOOMERANG (Antarctica flight) and MAXIMA-1. Bottom left: the same but this time the data used for the CMB surface is the pre-BM data. Bottom
right: The 2-sigma surface for the joint PV, CMB (whole compilation) and SN likelihood function.

3 COMPARISON AND COMBINATION faces as in the top left panel except that this time the CMB surface
was calculated using only the COBE, BOOMERANG (Antarctica
flight) and MAXIMA-1 data. The CMB surface can be seen to be
roughly orthogonal to each of the PV and SN surfaces. Also for
comparison the result of using the pre-BM CMB data instead is
shown in the bottom left panel of Fig. 3.

In order to examine how well the constraints from PV, CMB and SN
agree with each other we plot in Fig. 3 the three corresponding iso-
likelihood surfaces, at the 2-sigma level, in the three-dimensional
parameter spadé, og, Qm). The upper and lower 95 per cent lim-
its on Qp, from SN are the two horizontal planes. The PV surface
encloses a space at roughly const@gth and 6gQ%8. The CMB Given the very different nature of the three data sets and the
surface lies in the intersection of the regions allowed by each of SN different redshift ranges probed by them{(0.02, 0.5,1000 for PV,

and PV. The fact that the constraints have a common region of over- SN and CMB respectively), we assume that the errors on the indi-
lap is not trivial; it indicates a reasonable goodness of fit between vidual data sets are uncorrelated with each other. The likelihood of
the three data sets within the framework of the assumed cosmolog-a given set of cosmological parameters is thus obtained by multi-
ical model, which justifies a joint likelihood analysis aimed at pa- plying the three likelihoods of the parameters derived for each data
rameter estimation. To illustrate the complementary nature of theseset alone. The 2-sigma iso-probability surface for the joint like-
three data sets we show in the top right panel of Fig. 3 the same sur-lihood function is shown in the bottom right panel of Fig. 3. As

© 2000 RAS, MNRASD0OQ, 1-8
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Parameter  Best fit point 95 per cent confidence limits Parameter  Best fit point 95 per cent confidence limits
h 0.74 064 < h < 0.86 0gQ%8 0.54 040 < 0gQ%% < 0.73

Qm 0.28 017 < Qm < 0.39 Qmh 0.23 016 < Qmh < 0.27

Og 117 098 < 0g < 1.37 Qm 0.28 018 < Qm < 0.42

Table 1. Parameter values at the joint PV, CMB, SN optimum. The 95% Table 2. Parameter values at the joint PV, CMB, SN optimum and 95 per
confidence limits are given, calculated for each parameter by marginalising cent limits in terms of the parametesgQ%®, Qmh andQp,.
the likelihood function over the other parameters.

likelihood functions (dotted lines in Fig. 4) are in good agreement

expected, it is located at the intersection of the surfaces from eachput somewhat wider than when using all the data, especially in the
of the three data sets alone. constraint orh which extends to lower values than before. Using

The best fit cosmological paramete@n, h, dg) given all just the COBE, BOOMERANG (Antarctica flight) and MAXIMA-
three data sets are given in Table 1, from which we can derive 1 data (dashed lines) the results are very similar to when all data
080%° = 0.54, Omh = 0.21, Qrms_ps = 19.7)K and the age of s used. At first this may seem surprising given the much larger 3-
the universe is 12 Gyr. The CMB power spectrum for this set  dimensional surface (Top right versus top left panels of Fig. 3 and
of parameters is the solid line plotted in Fig. 2, which can be Fig. 1 (b)) but the higl2m, h part is ruled out by both PV and SN,
seen to be a reasonable fit to the data up to the end of the firstieaving virtually the same region as when all CMB data are used.
acoustic peak. Thg? with the CMB data is not simple to quote, In the region of the power spectrum where a second acous-
since we have marginalised over the calibration uncertainties for tic peak is predicted, we note that our best fitting models are not
the BOOMERANG and MAXIMA-1 data. However, using the best a good fit to the data, producing more power than observed by
fit point to CMB (all data)+PV+SN, thg? with the pre-BM data  photh BOOMERANG and MAXIMA-1. The easiest way to recon-
is 52. This is higher than the number of data points, 39, which re- cile this is to increas@,h? to a value approximately double that
flects the fact that the BOOMERANG and MAXIMA-1 points are  found from nucleosynthesis (eg. Hu 2000, White et al. 2000). This
somewhat below the other CMB data points. Similarly for peculiar has the effect of increasing the heights of the odd numbered peaks
velocities, we have marginalised owvey before calculating the best  and decreasing those of the even numbered peaks. It also has the
fit point to PV+CMB+SN, but fooy = 200 (the best fit value using  effect of reducing the sound horizon and thus shifting the first peak
peculiar velocities alone) the? for the joint best fit point is 1155, to even smaller angular scales. Repeating some of our analysis us-
very similar to the number of data points, 1156. ing Quyh? = 0.04 (and assuming that the PV likelihood function is

We may evaluate the probability of a single cosmological pa- relatively insensitive to this value) we find that the agreement be-
rameter, independent of the values of the other cosmological pa-tween the data sets is still good, and the constraintsgoend Qnm
rameters, by integrating the probability over the values of the other are not significantly affected. However, the the best-fittingilue
parameters. This is what we mean by ‘marginalisation’. The solid tends towards our upper limit of@0, which allows the peak to be
lines in Fig. 4 shows the resulting 1-dimensional marginalised at smaller angular scales (White et al. 2000, Fig 2).
likelihood distributions for each parameter. We obtain the 95 per In order to check the level of sensitivity to the usesgfin the
cent limits by integrating the one- dimensional likelihood distri- Py analysis we have also repeated the joint analysis using peculiar
butions and requiring that 95 per cent of the probability lies be- velocity likelihoods that were obtained without including this addi-
tween the quoted limits. These limits are those presented in Table 1.tional term (Section 2.1). This is the linear method used in the main
The h range agrees well with that from the HST key project of section of Freudling et al. (1999) and in Zehavi & Dekel (1999). As
h=0.71+0.06 (Mould et al. 1999) and th@r, limits are roughly mentioned already, the linear analysis prefers slightly higher values
centered on the popular value o8B0 of 0gQ%8. As a result, the region of agreement between PVs, CMB

Fig. 5 shows together the 2-dimensional and 1-dimensional and SN now only just occurs at the 2-sigma level. The resulting 1-
marginalised distributions as evaluated for each data set alone andfimensional marginalised likelihood functions are the dot-dashed
then jointly for each pair of data sets, and finally for the three data |ines in Fig. 4. They are not very different from those obtained with
sets together (again, the 68 and 95 per cent limits are found by in- the non-linear correction, having S||ght|y h|ghﬁ‘.n and Og and
tegration of the probability distributions). For the pairs of data sets, a slightly lowerh. It is encouraging to see that the joint analysis
or the single data sets alone, there is some dependence of the confiresults are fairly robust to the uncertainties in the PV analysis.
dence regions on the ranges used in the marginalisation. However, We also guote the results for our main ana|ysis (Who|e CMB
the results when all three data sets are used are insensitive to thejata compilation, marginalised ovey) in terms of the natural pa-
ranges of integration we have used, except for the limit f0.9, rameter combinations for PVs in Table 2. The rangesgf8
which we consider to be a reasonable prior. A measure of the excel-is slightly lower than that preferred by peculiar velocities alone,
lent agreement between these data sets is given by the similarity ofmainly due to the orthogonal constraint from the CMB og
the parameter constraints from the three different possible pairingsand Q. in the Qn, range allowed by SN, which disfavours larger
of the data sets (1d plots marked P+S, P+M and S+M in Fig. 5). ggQ%8. The Qnmh limits are much tighter and at the low end of
Note also that the CMB data alone prefer a hiiglbut on combin- those provided by peculiar velocities alone, again mainly due to
ing with PV and SN there is an upper bound which is just below our the CMB constraint in the range allowed by SN.
prior of h < 0.90. A detailed examination in 3-dimensions reveals
that inclusion of the PVs cuts off a hidh low Qn, part of the CMB
surface, and inclusion of SN cuts off a highhigh Qn, part of the
CMB surface, thus lowering the preferred valuehof

We have repeated the entire analysis using different subsets ofWe have performed a joint analysis of three complementary data
CMB data. Using the pre-BM data the 1-dimensional marginalised sets free of galaxy-density biasing, using peculiar velocities, CMB

4 CONCLUSION
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Figure 4. The 1-dimensional marginalised likelihood distributions from the joint PV, CMB and SN likelihood function. Our main results are shown by the
solid lines, which use the whole CMB data compilation, PV (marginalised @yeand SN. The dotted lines show the likelihood functions when PV, SN and
just the pre-BM CMB data are used. The dashed line is the result when the CMB data is just COBE + BOOMERANG + MAXIMA-1. The result (using all the
CMB data) when the uncorrelated velocity dispersion term is not included in the PV analysis)) is shown by the dot-dashed line.
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Figure 5. Likelihood functions for each individual data set (top three rows: left hand side of this page), for the combinations of pairs of data sets (middle thre
rows, marked P+S, P+M and S+M), and for the combination of all three data sets (bottom row: right hand side of the page, marked P+S+M). Columns 1 to 3
(bottom of page) show the 2-dimensional marginalised likelihood functions, in each case the third parameter has been marginalised over. Gb(twpns 4 to

of page) are the 1-dimensional marginalised distributions for each cosmological parameter. Note that the whole CMB data compilation was thiduded in
analysis, and the PV term, was marginalised over.
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